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ABSTRACT 

Let ( E , a )  be a full shift  space on an a lphabe t  consis t ing of m symbols  

and  let h i :  E -+ L+(Rd,R d) be a cont inuous  funct ion taking values in 

the  set of d x d posit ive matr ices.  Deno te  by AM (x) the  upper  Lyapunov  

exponen t  of M at  x. The  set of possible Lyapunov  exponen t s  is j u s t  an  

interval.  For any  possible Lyapunov  exponen t  a ,  we prove the  following 

variat ional  fornmla,  

1 
~. = inf {-c~q + PM (q)} d im{x  E x-, Am(x)  = o~} l o g m  qER 

1 
-- log m ,nax{h(p): hl. (it) = a}, 

where d im is the  Hausdorf f  d imens ion  or the  packing dimension,  PM (q) is 

the  pressure  f lmction of AI, p is a a - invar ian t  Borel probabil i ty measu re  

on E, h(tt) is the  en t ropy of lt, and  

M .  (#) = n~o¢  lira f log I I M ( y ) M ( ~ y )  . .  • M ( ~ " - I u ) l l d u ( y ) .  

* T h e  a u t h o r  w a s  p a r t i a l l y  s u p p o r t e d  by  a HI (  R G C  g r a n t  in  H o n g  K o n g  a n d  t im 
Spec ia l  F u n d s  for M a j o r  S t a t e  B a s i c  R e s e a r c h  P r o j e c t s  in C h i n a .  
R e c e i v e d  J u l y  2, 2002  
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1. I n t r o d u c t i o n  

Let a be the shift map on E = {1,2 . . . . .  m} ~ (m > 2 an integer). Let M 

be a continuous function defined on E taking values in L+(Rd,Rd), the set of 

d x d matrices with positive entries. We define the u p p e r  L y a p u n o v  e x p o n e n t  

AM(X) of M by 

(1.1) AM(X) = lim 1 log [[M(x)M(ax).. .  M(crn-lx)[[, 
n---~ o~ n 

when the limit exists. Here [I-l[ denotes the matrix norm defined by [fAll := 1TA1, 

where 1 is the d-dimensional column vector each coordinate of which is 1. 

Let LM be the set of point a E N such that  a = ,~M (X) for some x • N. By 

using the specification property of Z and the continuity of M, we show that  LM 
is a non-empty closed interval (see Proposition 2.2). 

For any q • R, define 

PM(q) = lim 1 log ~ sup HM(x)M(ax)..  "~ f (o ' n - - l x ) l ]  q, 
n~oz n zE[,J] 

wEE, 

where Zn denotes the set of all words of length n over { 1 , . . . , m } ;  for w = 

c01.. "wn • En, [w] denotes the cylinder set {x = (xi) • N: xi = wi, 1 < i < n}. 
A subadditive argument shows that  the limit in the above definition exists. We 

call PM(q) the p r e s s u r e  f u n c t i o n  of M. 

Let M o ( E )  be the set of all a-invariant Borel probability measures on 2. The 

map M: 2 ~ L+(]I~d,R d) induces a map M,:  M o ( ~ )  -~ R given by 

M,(tt) = lim 1 [ l og l l M (y )M(ay ) . . .M (a ' ~ -my) l l d t t ( g ) ,  It • Mo(E).  
n---~oo rt j 

The limit exists by a subadditive argument. In 1960, tblrstenberg and Kesten 

[21] considered the products of random matrices and proved that  for each ergodic 

measure p on ~, 

,XM(X) = M,(#) ,  # a.s. x • 

The above fact follows also by Kingman's  Subadditive Ergodic Theorem (see 

[37]). 

In this paper, we investigate the sizes of the sets with given Lyapunov expo- 

nents: 

EM(a)= {x • E: AM(X)=a} (a • LM). 

Recall that  E is a metric space where a metric is defined by d(x, y) = m -n 

for x = (xj)j>_l and y = (Yj)>I where n is the largest one such that  xj = yj 
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(1 _< j < n). Different notions of dimensions are then defined on E. We shall 

talk about the Hausdorff dimension dimu, the packing dimension dinar and the 

upper box dimension dimB (see [11, 28] for a general account of dimensions). 

The sizes of the sets in question will be described by their dimensions. 

In the special case d = 1, M is just a real-valued continuous function: we would 

rather write gP instead of M in this case. The first historical example of this type 

is due to Besicovitch [4] and Eggleston [10], they proved that for 0 < c~ < 1, the 

set 

{x  ( 'rn}E{I'2}N: lira 1 ' j ~  ( =  n~oc--n .= x j--I)----or} 

has Hausdorff dimension -[ct log 2 a + (1 - c~)log2(1 - a)]. In this case the cor- 

responding function • is given by ~(x) = 1 if xl = 1, and ~5(x) = e if xl = 2. 

A slightly more elaborate example was given by Billingsley in [5]. Some further 

consideration of the multifractal formalism for HSlder continuous • was given in 

[12, 14, 33, 38]. The case that • is only assumed to be continuous, was considered 

by Fan, Feng and Wu [13]~ Feng, Lau and Wu [17] and Olivier [29]. 

In the case d > 2, M is a matrix-valued continuous function. As we know, 

there are few results about, this topic. In [27], Ledrappier and Porzio considered 

a special kind of product of matrices of order two, and obtained a local result of 

the multifractal spectrum by using some classical random matrix products theory 

and perturbative theory; Porzio [35] strengthened that result somewhat by a 

study of the Ruelle-Perron-Frobenius operator associated with random matrix 

products. 

The main result of the present paper is the following theorem. 

THEOREM 1.1: Suppose M: E --+ L+(Nd,R d) is a continuous fimction taking 

values in the set of d x d positive lnatrices. For any a C L M, we have the 

following formula 

(1.2) 

(1.3) 

dimH/~M(O~) = dimp EM(a) 
1 

- l o g m  ~ f { - a q  + PM(q)} 

1 
=log-----m sup{h(p): # E .Ada(~), M.(p)  = ct}. 

Moreover, dimH EM(C~) is a concave and continuous fimction of (~ on LM. 

We remark that under this setting, the pressure function PM(q) of q may be 

not differentiable. Under a stronger condition that M is HSlder continuous, the 
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formula (1.2) has been proved by Feng and Lau [16], and in that case PM(q) is 

a differentiable function of q over ~. 

What we state in Theorem 1.1 is a kind of multifractal analysis. But it is 

a little different from the multifractal analysis of measures to which the term 

"multifractal" is often attached. Let us mention [1, 2, 7, 9, 8, 14, 20, 22, 23, 

26, 30, 32, 34] (it is far from exhaustive). Another kind of multifractal analysis 

was employed in [25] (see more references herein) where functions rather than 

measures are studied. 

Now we state some ideas in the proof of Theorem 1.1. First we consider a 

special case that the map M(x) depends only upon finitely many coordinates of 

x. In this case, we prove that the corresponding product of matrices is associated 

with a measure v on E satisfying the so-called quas i -Bernou l l i  p r o p e r t y :  there 

is a constant C >__ 1 such that 

CV([I])~([J]) _< v([IJ]) _< Cv([I])~,([J]), VI, J E U En. 
n ~ l  

By using some multifractal results on quasi-Bernoulli measures obtained by 

Brown, Michon and Peyriere [7] and Heurteaux [23], we can prove the desired 

results for matrix products. To consider the general case, we first prove a formal 

formula for dimg EM(OZ). More precisely, for any a ELM,  n _~ 1 and e > 0, we 

define 

f (~ ;  n, ~) = # F ( ~ ;  n, ~) 

with 

= c rn: 1-1ogllM(x)'"M( °- x)ll- for  s o m e  x e 
i. ) 

We prove (Proposition 3.2, Proposition 3.3) 

(1.4) dimH EM(a) = lim liminf log f ( a ;  n, e) _ lim limsup log f ( a ;  n, () 
e--+0 n--4~ log m" e-*0 n - ~  log m n 

Using the above formula, we can prove the general results by approximating 

M by a sequence of maps {Mk} such that Mk depends only upon the first k 

coordinates. 

We organize the materials in the paper as follows. In Section 2, we give some 

properties of the set LM and the pressure function PM(q). In Section 3, we prove 

(1.4) by using a dimensional result for the homogeneous Moran sets. In Section 4, 

we consider the case that M depends upon finitely many coordinates. In Section 

5, we complete the proof of Theorem 1.1. In Section 6, we give several remarks. 
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2. L y a p u n o v  e x p o n e n t s  a n d  t h e  p r e s s u r e  f u n c t i o n  

Let M: E --+ L+(R d, R d) be a continuous map. In this section, we will consider 

the set LM of possible Lyapunov exponents and some relations between LM and 

the pressure function PM (q). We also give some elementary results about  convex 

functions and invariant measures on E. For convenience, we write rs~M(x) for 

the product M(x)M(ax ) . . .  M(a'~-lx) throughout this paper. 

Let us s tar t  from a simple lemnm. 

LEMMA 2.1: There exists a constant C > 0 (depending on M) such that for any 

x E E a n d n ,  m E N ,  

CIITrnM(x)llllrr, M(o"x)ll <_ Ilrrn+mM(x)ll <_ Ilrr M(x)llllrrmM(o"b,)ll. 
Proo~ The second inequality is obvious. We only need to prove the first one. 

Since M is continuous, there is a constant C > 0 such that  

mini , j  Mid (x) 
> dC, Vx E E, 

maxi,j Mi,j (x) 

which implies that  M(x) > CEM(x)  (here and afterwards we write A > B for 

two matrices A, B if Aid > Bi,j for each index (i, j )) ,  where E = (Eid)Ki,j<d is 

the matr ix  whose entries are all equal to 1. Let 1 be the d-dimensional  co lumn 

vector each coordinate of which is 1. Then 

II~'n+.,.M(x)ll _> II (~,~M(x))CE(~.~M(~. 'x) )  II 
=Cll (~,~ M(:r)) : "  1 (Trm M (c~'~:r))II 

=clI~,, .M(.,)II- II~,, ,M(~.,)II.  . 

PROPOSITION 2.2: Set 

(2.1) 

(2.2) 

Then LM = [aM, tiM]. 

~M = lira 1 inf log llTr,~M(x)ll, 
n ~ e ¢  /? . tEE 

1 
/3M = lira - sup log ]]7r,M(x)l I. 

n--+ec rt xCE 

Proof: We first show that  the limits in (2.1) and (2.2) exist. To see this, write 

(2.3) a ,  = inf logllrr~M(:r)[I, b,, = sup log l[ rr, M(.r)[I. 
,rEE x E E  

By Lmnma 2.1, we have 

an+m >_ logC + an + a,n, b,~+,,~ <_ bn + bm, Vn, m >_ 1, 
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where C is the constant in Lemma 2.1. This declares that the sequences 

{log C +  an } and {bn} are superadditive and subadditive respectively, from which 

the existence of the limits follows. 

By the definition of upper Lyapunov exponents, we have L M c [aM,~M] 

immediately. Hence, to prove the proposition, it suffices to prove that for any 

t E [~M,/3M], there exists y e E such that ~M(Y) = t. 

Now fix a real number t E [C~M,/3M]. Then there is a number p E [0, 1] such 

that t -- pet M + (1 --P)/~)M. For convenience, we define a sequence of real numbers 

{r~} by r2n = CtM and r2n-1 =/3M for n _> 1. By the continuity of M and the 

definitions of CtM and /3M, there exist a sequence of words {iOn} (iOn C En) and 

a sequence of positive numbers {e~} which tend to 0 such that 

(2.4) 1 log  117r,~M(x)ll - rn < ~,, Yx • [wn]. 

Now construct a sequence of positive integers {Nn}  by 

[pn + log n], if n is odd, 
Nn = [(1 - p)n + logn], otherwise, 

where Ix] denotes the integral part of x. It can be checked directly that 

E i = l ( 2 1 -  1)N2i_1 lira Nn = co, lim nNn n . 
n - - ~  n - ~  ~ i=1  ~ iNi -- O, n--~lim ~-~y=12n j N j  = p" 

Now define 

y = wl . . .Wl  W 2 " "  " i -d2  " • " i o n  * " ' iOn ' ' ' .  

N1 Ne N. 

In the following we show that A(y) = t. In fact, for each integer k > N1, there is 

an integer n > 0 such that 

n+l  

iN~ <_ k < Z iN~. 
i=l i=1 

By Lemma 2.1 and (2.4), we have 

ItTrkM(Y)It <_II~rN~+...+nN,,-1M(y)tlIIrrk-N~ . . . . .  n N n ~ ( o " N l + ' " + n N ~ y ) J J  

<exp iNi(r  + • exp((k - ( X l  + . . .  + n N n )  )b l ) ,  
- -  \ i=1 

which implies that 

1 E ' i ~ l  iN~(ri + ei) + k - (N1 + ' . .  + nNn)  
log Jl kM(y)lJ < k k • bl, 
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where bl is defined by (2.3). Letting k tend to infinity we have 

1 
lira sup ~ log IlzrkM(y)ll <_ t. 

k--+oc~ 

Now by Lemma 2.1, we have also that 

llrrkM(y)ll >C[l~rNl+...+,,N~_lM(y) llexp((k - (N1 +.."  + nN,,))al) 

>cNl+N2+"'+N~+'exp( ~ iNi(ri -- ei)) 
i=1 

• exp((k - (N1 + . "  + nNn))al), 

which implies that 

k n N1 + "'" + Nn+l log ll7fkm(y)ll > Ei=.I  iNi(r i  - Q) + logC 
- k k 

k -  (N1 + . "  + nNn) + .a~. 
k 

By taking the limit we have 

1 1 liminf~._~o~ k" og IITrkM(y)l[ >__ t. 

This finishes the proof• II 

The following proposition gives some relations between LM and the pressure 

function PM (q). 

PROPOSITION 2.3: PM(q) is a convox fimction of q on R. Furthermore, let aM 
and/3M be defined as in Proposition 2.2. Then we have 

lira PM(q) PM (q) 
- -  - aM, lim --/3M. 

q-~-~ q q~+oo q 

Proof." The convexity of PM (q) follows by a standard argument. 

Let the sequences {an}, {bn} be defined a s  in (z3) .  Then for each n > 1, 

exp(bnq) < ~-~we~ supx¢[~] 1[7rn~/I(J')][ q < mnexp(bnq), Vq >_ O, 
exp(anq) < ~ , ~  sup~¢[~] []rrnM(:r)[lq < mnexp(anq), Vq < O, 

which implies that 

(2.5) { q/3M < PM(q) <__ logm + qflM, Yq >_ O, 
qaM < PM(q) <_ logm + q(~M, V q < 0 .  

By taking the linlit we obtain the desired result. | 
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PROPOSITION 2.4: Suppose that N: E --~ L+(R d, R d) is a continuous map, and 

there is a real number c~ > 0 such that 

( l + 5 ) - l M ( x )  <_N(x) <_(l+a)M(x),  V x E E .  

Let LN denote the set of all possible upper Lyapunov exponents of N, and PN(q) 

denote the pressure function of N. Then 

LN D [aM + log(1 + 5),/3M -- log(1 + 5)]. 

Moreover, we have 

IPN(q) -- PM(q)I <- [qlog(1 + 5)]. 

Proof'. It follows immediately from Proposition 2.2 and the definitions of LN 

and PN(q). | 

PROPOSITION 2.5: Let f be a convex real-valued function on R. Denote 

(2.6) a =  lim f ( x ) ,  b =  lim f (x )  
x--I-- ~ X x----~ ~ X 

(i) Suppose that {fn} is a sequence of differentiable convex functions converg- 

ing to f pointwisely. Then for any c E (a, b), there exist N > 0 and a uni- 

formly bounded sequence of real numbers {xn}n>N such that L (xn) = c. 

(ii) Assume - o c  < a < b < oc. Then we have 

lim inf { - z x  + f (x)}  > inf { -bx  + f (x)} ,  
z~'b x E R  --  x E ~  

and 

lim inf { - z x  + f (x)}  > inf { - a x  + f(x)}.  
z S a  x E ~  - -  x E ~ -  

Proof" Since f is convex, [f(x) - f(O)]/x is an increasing function of x. Thus 

the limits in (2.6) exist. Takee  > 0 w i t h a + e  < c <  b - e .  P i c k t  > 0 large  

enough so that 

f ( t ) - f ( O )  > c + e ,  f ( - t ) - f ( O )  < c - e .  
t - - t  - 

Since the sequence {fn} converges to f pointwisely, there exists N > 0 such that 

for each n >_ N, 

fn ( t ) - fn (O)  >__c+e/2, f n ( - t ) - f n ( O )  < c - e ~ 2 .  
t - t  
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Note that each fn is continuously differentiable since it is differentiable convex 

(see [36, Theorem 25.3]). By using the Mean Value Theorem and the Intermediate 

Value Theorem, we see that for each n _ N, there exists x~ E ( - t ,  t) such that  

]~(x~) = c. This concludes statement (i). 

To prove statement (ii), denote i f (z)  = infxeR{--zx+f(x)}. It can be checked 

directly that  f* is a concave filnction on [a, b], and thus it is lower semi-continuous 

on [a, b] (see [36, Theorem 10.2]), which concludes statement (ii). | 

The following proposition is needed in the proof of (1.3). 

PROPOSITION 2.6: For any it E .h/G(E), there is a sequence of ergodic measures 
{#k}k>_l C A/G(E) such that 

it = w*- lim itk, h(it) = lim h(itk). 
k ~ o o  k--+oo 

Proof'. First we assume that p is fully supported on E. For each integer n >_ 2, 

let #~ be the unique equilibrium state (see [6]) of the potential Ca: E -+ R defined 

by 

= l o g i t ( [ x ,  - l o g i t ( [ X l . . - X n - , ] ) ,  V x  = ( x i ) .  

One may check that  itn has the following property: for any integer ( > 0 and 

i s ' " ie  E Ee, 

P([il . . . .  i~]), if f <_ n, 
it,~([is...ie]) -- it([il . . . .  e-n+l ,([i.~...(~+,_1]) otherwise. 

• l n ] )  l l j = 2  ~([i3 ""i3+~-e]) ' 

This means that itn converges to it in the weak-star topology. By the upper 

semi-continuity of the entropy of it, we have 

(2.7) h(it) _> lim sup h(it ,) .  
n--~ oo 

Furthermore, by using the Variational Principle for equilibrium states (see [37]), 

we obtain 

f Gdit + h(it) < f Cndit~ + h(it~), 

which yields h(it) <_ h(it~). This together with (2.7) yields h(it) = l im~_~ h(it~). 
Now assume that p is not fully supported. Denote by u a fully supported 

invariant measure on E. Then we can approximate # by a sequence of fully 
s supported invariant m e a s u r e s  {n-lp~ + ~v}. We can see that these measures 

converge to it in the weak-star topology, and their entropies converge to h(#) 

(since h ( ~ i t  + ~u) = ~ h ( i t )  + ~h(u)). Combining this with the results in 

the last paragraph, we can obtain the desired result. | 
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3. H o m o g e n e o u s  M o r a n  sets  and  a f o rma l  f o r m u l a  of  dimH E M ( a )  

In this section, we first recall the definition and some dimensional results of homo- 

geneous Moran sets; then by using these results and some further constructions 

we give a formal formula of dimH EM(Ct). The main results in this section are 

Proposition 3.2 and Proposition 3.3; in their proof we adopt some ideas from the 

proof of [12, Theorem 4]. 

It is helpful to think of E as the interval [0, 1] and cylinders as subintervals. Let 

{nk}k>_l be a sequence of positive integers and (Ck}k:> 1 be a sequence of positive 

numbers satisfying n k  >_ 2, 0 < ck < 1, n l C l  <_ (~ and n k C k  <_ 1 (k > 2), where 6 

is some positive number. Let 

D = 

with Do -= (0} and Dk ---- ( ( i b . . . ,  ik); 

is an interval of length 6. A collection 

said to have a h o m o g e n e o u s  M o r a n  

(1) J0 = J; 

U Dk 
k > 0  

1 < ij < n j,  1 < j <_ k}. Suppose that J 

5 c -- {Jo: a E D} of subintervals of J is 

s t r u c t u r e  if it satisfies 

(2) for any k > 0 and (r E Dk, Joi (i = 1 , . . . ,  nk+a) are disjoint subintervals of 

Jo such that 

[jo[ - c k + l ,  V l < i < n k + l ,  

where IA[ denotes the length of A. 

If ~- is such a collection, E := Nk>l [-Jo~Dk Ja is called a h o m o g e n e o u s  M o r a n  

se t  determined by 5 c. One may refer to [19, 18] for more information about 

homogeneous Moran sets. For the purpose of the present paper, we only need 

the following simplified version of a result contained in [19], whose simpler proof 

was given in [12, Proposition 3]. 

PROPOSITION 3.1: For the homogeneous Moran set defined above, we have 

log nln2 • • • nk 
dimu E _> lira inf 

n--+oc - -  log C1C2 • • • C k + l n k + l  " 

For x = (xi) E S, denote I s (x )  = {y = (Yi) E ~: xi = Yi, 1 < i < n}. We call 

In(x)  the n - cy l inde r  about x. Write M(x) = (Mi,j(X))l<i,j<d. For each n E N, 

define 

6n(M) = s u p  max , x C/~(y)  . 
ve~ l<i,j<J Mi , j (y)  

Since M: ~ --+ L+(R  d, R d) is continuous, we have lim,~_~ (in(M) = 1. 
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Fo r  a n y  a E L M ,  n ~ 1 a n d  e > 0, we def ine  

F ( a ; n , e ) =  { w E E n :  l l o g ] ] w n M ( , r ) ] ] - ~  < ¢ f o r s o m e x E [ w ] }  

and f ( a ;  n, e) = # F ( a ;  n, ¢). 

PROPOSITION 3.2: For a E L M .  we have 

lira lira inf log f ( a ;  n, e) _ lim lira sup log f (a ;  n, e) 
~--+0 n-+~ logm n ~-~o .~oo  logm. n (=: AM(a)) .  

The function AM: LM -+ [0, 1] is concave and continuous. 

Proo~ We first show that  log f ( a :  n, e), as a sequence of n, has a kind of sub- 

additivity. More precisely, for any ¢ > O, there is an N such tha t  

[f(a;n,()]  p < ]'(a;np, 2() (Vn > N~Vp > 1). 

In fact, suppose {~1 . . . . .  ~p} C F ( a ; n , ¢ ) .  Let ~ = a ;1 . . -~p.  Let xk E [~k] 

(1 < k <_ p) be a point  such tha t  

 log M( "- xk)ll - a < 

Let x be a point in [~]. Note tha t  for any 1 < j _< p, 

7rnM(xj) 
(~l(j~1) .-.(~n(M) ~-TG, M(°(j-1)n:r) 

~__(~1 ( J ~ )  " " " ( ~ n ( M ) T r . M ( x j ) .  

We have 

l log [17cnM(a(J-')nx)l [ - a < e + _1 log(61(M) ' -  .(i , ,(M)) 
rt 

for all 1 < j < p. It follows tha t  

~pp a log C 
1 logl lTrpnM(xl[I-  < e + 1 log(61(M) . -Sn(M))  + 

n n 

where C is the constant  in Lemma 2.1. Since l i m n ~  5n(M) = 1, there exists N 

such tha t  
log C 

1 l o g ( 5 1 ( M ) . . S n ( M ) )  + < e for n > N. 

It follows tha t  

l l o g j ] T r . p m ( x ) t ] -  a < 2e 
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for n _> N and for all p _> 1. Then [w], which contains x, is in F(a ;  np, 2e). 

Notice that different choices {Wl . . . .  , Wp} give rise to different w's. Thus we get 

the desired subadditivity. By using this subadditivity, it is easy to get 

lim sup log f ( a ;  n, e) < liminf log f ( a ;  n, 2c) 
n - ~  log m n n~cc log m n 

from which the equality of the two limits follows. 

It is evident that 0 < AM(a) < 1. Let a,/3 C LM. Let p,q  be two positive 
integers. By subadditivity, for large n we have 

[ /(a;  n, ¢)]P[f (/3; n, e)] q _< f ( a ;  rip, 2e)f(Z; nq, 2e). 

Let u E F(a ;  np, 2e) and v E F(/3; nq, 2e). Take a point x E [uv]. As above, we 

can get 

I log tlTrnp+nqM(x)tl - npa  - nq/3 I 

<_2en(p + q) + log(51(M)..- 5,w(M))  + log(31 ( h i ) . . .  5nq(M)) + log C. 

It follows that if n is sufficiently large, uv C F ( ~ ;  n(p+q) ,  3e). Consequently, 

for large n we have 

f(c~; rip, 2e)f(L~; nq, 2e) < f + 

By the equality of the two limits that we have already proved, we can get 

P A M ( a ) + p - - ~ q A M ( / 3 ) < A M (  ~ a +  qq /~ ) .  
p + q  - p q P +  

This gives the rational concavity of the (bounded) function AM. However, the 

concavity of AM on the interval LM is a consequence of its rational concavity 

and its upper semi-continuity that we prove below. 

Given a C LM, for any ~/> 0, there is e > 0 such that 

liminf log f (a ;  n, e) < AM(a) + ~/. 
n-*~ log m n 

As above, it can be proved that for/3 ELM with I/3 - ~[ < e/3 we have 

F(/3; n, e/3) C F(a;  n, ¢) 

when n is sufficiently large. It follows that f(/3; n, e/3) _< f (a ;  n, e). Therefore 

AM (/3) < lira inf log f(/3; n, e/3) < lira inf log f (a ;  n, ~) 
n - ~  log In n - -  n---~c~ log m '~ 

--<AM (a) + r/. 
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This establishes the upper senti-continuity of AM at a. 

The continuity of AM on the interval LM follows from its concavity and its 
upper semi-continuity. II 

PROPOSITION 3.3: 

Proof." 

S T E P  1 : 

Let 

For a E L M, we have 

dimH EM(a) = dimp Em(o~) = AM(O@ 

For a C LM, we have dimp EM(O~) _< AM(a). 

n = k  

I t  is clear that. for any ~ > O, 

oo  

c U k, d. 
k = l  

Notice that  i f  n > k, G(a;  k, ~) is covered by the union of all cylinders [w] wi th  

E F(c~; n, c) whose total  number is f ( a ;  n, c). Therefore we have the following 
estimate, 

log f(c~; n, e) 
d imuG(m k, e) _< limsup (Ve > O, Vk >_ 1). 

n- ,~  log m n 

On the other hand, by using the a-stability of the packing dimension, we have 

dimp EM(a) <_dinlP ( O G(c~:k,e)) < supdimpG(c~;k,e) 
k = l  k 

< sup dimuG(a;  k, e). 
k 

This, together with the last proposition, leads to the desired result. 

STEP 2: For c~ ELM, we have dinaH EM(C 0 >_ AM(a). 
Given 5 > 0, by the last proposition, there are (j ? ~ and ej $ 0 such that 

f ( m  ( j ,e j )  > m e3(AM(~)-6 /2)  

Write simply Fej = F(~; fj,ej) and f6 = f (a ;  gj, ej). Define a new sequence 
{e~} in the following manner: 

q . . . . .  q ;  t2 . . . . .  ~2;..  • ; t j  . . . . .  t j ; . . .  
• • • v 
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where Nj is defined recursively by 

Nj  ~- 2 t~+lTN~-' (j >_ 2); N1 = 1. 

Denote nj = ft$ and cj = m-e;.  Define 

O 0  

O* = l i f e ; .  
j=l  

Observe that  O* is a homogeneous Moran set in E. More precisely O* is con- 

structed as follows. At level 0, we have only the initial cylinder E. In step j ,  cut 

a cylinder of level j - 1 into me; cylinders and pick up nj ones. By Proposition 

3.1, we have 

dimH 0* > lim inf log(nl • • • nk) 
k - ~  - - l o g ( c l ' ' ' e k C k + l n k + l )  

_ l iminf log(re; .- .  fe* k) 
k - ~  log(2q++e~+e~+,)  

= lim inf log(fe~ .-- fe i) 
k ~  log(2q+'"+e~) 

_AM(a)  - 6. 

However, by a direct check, O* is a set in EM(a). Hence dimH E i ( a )  >_ A M ( a ) -  

6. And thus dimH EM(a) >_ AM(a) since 5 can be picked small arbitrarily. | 

4. T h e  case  t h a t  M d e p e n d s  u p o n  f in i te ly  m a n y  c o o r d i n a t e s  

In this section, we always assume that  M depends upon finitely many coordinates. 

Tha t  is, there exists an integer k >_ 1 such that  M(x)  depends upon the first 

k coordinates of x for all x = (xi) E E. For simplicity, we write M(x)  = 

M ( x l  ..- xk). We will prove the following proposition by using some multifractal 

results about  quasi-Bernoulli measures. 

PROPOSITION 4.1: Suppose that tile map hi:  E -+ L+(Rd,R d) depends only 

upon the first k coordinates. Then PM (q) is a differentiable function of q on R. 

Moreover, if  a = P ~  (t) for some t E R, then 

(i) dimH EM(a) = 1 in fqe~{-aq  + PM(q)} = lo--~(-atg + PM(t)). 

(ii) There exists an ergodic measure #t on E such that 

h(#t) 1 
- l o g  m ( - a t  M,(pt)  = a and d imgp t  -- logm +PM(t)) .  
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Before giving the proof of the above proposition, we recall some multiffactal 

results about quasi-Bernoulli measures. Let u be a Borel probability measure on 

E. We recall that u is quas i -Be rnou l l i  if there exists a constant C > 1 such 

that 

(4.1) CU([II)u([Z]) <_ u([IJ]) < Cu([II)u([Z]), VI, J E U ~---~n" 
n > l  

Let p be a Borel probability measure on E. For any q E R, the Lq-spectrum 

of # is defined by 

ru(q) = lim inf 1 log E P([I])q' 
n--+ oo n. 

I 

where the summation is taken over all I E En with p([I]) > 0. 

Brown, Michon and Peyriere [7] and Heurteaux [23] have considered the 

multifractal properties of quasi-Bernoulli measures. They proved 

PROPOSITION 4.2: Suppose that u is a quasi-Bernoulli measure. Then the Lq- 
spectrum Tu(q) is differentiable for q E N. Moreover, ira = 7-~(t) for some t E R, 
then 

(i) 
d i m H { X E E "  lim logu(B,.(x)) } inf{aq r .(q)} 

• l o g  r - a = - r - - ~ o o  qEN 

- w ( t ) ;  

(ii) there exists an ergodic measure Pt on E such that 

# t { x  E E: lira logu(BT(x)) } 
r - ~  logr - - a  = 1  

h(.,) = ca - w(t) .  and dimn Pt = tog rn 

We remark that statement (ii) is only implicit in [23]. 

The following lmnma plays a crucial role ill the proof of Proposition 4.1. 

LEMMA 4.3: There exist a Borel probability measure p on E and two positive 
constants p, C such that for any n _> 1 and i 1"  "in+k-1 E ~n+k-l, 

C-lpn II ~//(il""" ik)M(i2"'" ik+l ) " "  M(i~ ... .  in+k-1 )]l 

in+k-i]) 
<_Cp nltM(i  . . .  i k )M( i2 . . ,  ik+a).. .  

Proof." At first we declare that there exist positive numbers p~, P2 and d- 

dimensional eolunm vectors u ( i l . . ,  ik), v ( i l - ' -  ik) (i1"-- ik E E~) with positive 
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entries such that for any i l ' "  ik E Ek, 

1 E u ( i i l . . . i k _ l ) . ~ M ( i i l . . . i k _ l )  ' (4.2) u(il...ik)T=p--~ i 

1 
(4.3) V(il . . . .  ik) =-~ E M(i2"'" iki)v(i2' '" iki). 

i 

To see it, without loss of generality we assume m = 2 and k = 2. We construct 
a new 4d x 4d matrix H by 

rM(ll) 0 M(21) 0 1 
/M(11) 0 M(21) 0 

H - -  [ O0 M(12) 0 M ( 2 2 ) / •  
M(12) 0 M(22) J 

Since M(ij)  (ij E E2) are positive matrices, H is primitive (one checks that H 2 is 

positive). Thus by the Perron-Frobenius theorem (see [24]), there exist a positive 

number Pl and a 4d-dimensional positive colunm vector s such that s ~ = ~ s r H .  

Write s ~ as the form 

S r = (u ( l l f f ,  U(12ff, U(21ff, U(22ff), 

where u(i j)  are d-dimensional column vectors. Then it is clear that the vectors 

u(i j)  satisfy (4.2). The proof of (4.3) follows by a similar discussion. 

Define two functions 711 and r/2 on Un>k En by 

~ ] l ( i l i 2 " ' ' i n + k - 1 )  =plnu(il "''ik)'r ~ ( i l  "''ik)M(i2"''ik+l) 

"'' M( in ' ' ' i n+k-1)V( in ' ' ' i .+k-1)  

and 
~2(ili2"" in+~--1) =p2nu(il ''" ik)" M ( i l ' ' "  ik)M(i2"'" ik+l) 

• " M(i,~"" in+k-1)v(in"" in+k-l). 

By (4.2) and (4.3) we have 

(4.4) { ~-~i 711(iili2 .. . .  in+k-l) = ~1(ili2"'" i,~+k-1), 
~~i 712(ili2 .... in+k-li) r/2(ili2" in+k-l), 

which implies that for each n _> k, 

wEE,~ w'EEk wEE~ w'EEk 

We deduce from the above equalities that Pl = P2 since 

wEE~ wEE~ wEEk ¢zEEk 
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And thus 7]1 = ?72. Define t7 o n  U n > k  v]'n by 

I](~}) = 'Y/1(O2)/ E l~,(OJ), V02 C U V~n" 
w ' E E ~  n > k  

By the Kolmogrov consistence theorem, there is a unique invariant Borel prob- 

ability measure # on E such that  #([w]) = ~(w) for any a; E Un>k En. This 

completes the proof. | 

Proof of Proposition 4.1: Let # be the measure as in Lemma 4.3 and p the 

corresponding constant. By Lemma 4.3 and Lemma 2.1, # is a quasi-Bernoulli 

measure. Moreover, 

q log p - PM (q) 
Tu(q) = logm (Vq C R) 

and 

EM(a) : {X 6 E: 

Using Proposition 4.2, we obtain the desired result. 

lira logp(B,.(x)) l o g p -  (~,~ 
r--+oo logr  -- ~ogm J (Va 6 LM). 

5. T h e  P r o o f  o f  T h e o r e m  1.1 

We divide the proof into 4 small steps: 

1 STEP l: direR EM(a) <_ ~ ( - - a q  + PM(q)) (o~ C LM, q 6 •). 
For any a C LM, e > 0 and n E N, let f ( a ; n , e )  be defined as in Section 3. 

Then 

~ sup ]lTrnM(x)]l q > ~ f(a;n,e)exp(nq(a - e)), i fq  _> 0 
~ r n  xe[~] - [ f ( a ;  n, e)exp(nq(a + e)), if q < 0 

which implies that  for any q C IR, 

PM(q) >-- qa + lim l iminf logf(a;n,Q 
e -+ oo n --q, ~ n 

Combining it with Propositions 3.2 and 3.3, we obtain 

1 
direr  EM(a) <_ V----(--qa + PM(q)). 

[ogre 
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STEP 2: We prove the following inequality: 

1 
(5.1) dimH EM(a) > log----m ~ f { - - a q  + PM(q)} (a ELM) .  

At first we consider a trivial case: OZ M ~-- ~M (OLM and ~M are  defined as in 

Proposition 2.2). In this case, we have .~M(X) = aM for all x • N. By (2.5), we 

have 1 
_ inf{--aMq + PM(q)}. dimH EM(aM) = dimu P~ = 1 > ~ qER 

From now on we assume that aM 7 £ /3M. 

First we consider a • (aM,/~M). For each k • N, we define a map Mk: ~ -~ 

L+(Nd Nd) such that Mk depends upon the first k coordinates of x and Mk(x) = 
M(y) for some y • In(x). It is clear that Mk is continuous. Moreover, there is a 

sequence of real nmnbers {~k } $ 0 such that 

(5.2) (1 + 5k)- lM(x)  <_ Mk(x) <_ (1 + 5k)M(x), Vx • ~. 

Pick e > 0 with ~ < i min{a - aM,/3M -- a}. For each k, n • N, define 

fk(c~;n, el2) = co • En: 1 logllTr~Mk(x)ll < ~ for some x • [w] 

and 

fk(o~; n, el2) = ~Fk(o~; n, ell2). 

Take a large integer ko such that log(1 +~k) _< e/2 for any k >_ ko. Then by (5.2) 

we have Fk(a; n, el2) C F(a ;  n, e) and hence 

(5.3) fk(a; n, e/2) <_ f ( a ;  n, e) (k > k0). 

By (5.2) and Proposition 2.4, PMk (q) converges to PM(q) uniformly on compact 

sets. And thus by Proposition 2.5, there exists kl > k0 and a bounded sequence of 

real numbers {qk)k_>kl such that (x = P '  (qk)- By Proposition 3.2, Proposition M~ 

3.3 and Proposition 4.1, 

lim sup log fk (a; n, e/2) > log m .  dimH EMk (ol) 
n--+oo Tt 

= inf { - a q  + PMk (q)} 
qER 

(5.4) = -- ozqk q- PMk (qk). 

Since the sequence {qk} is bounded, there is a subsequence {qk~} which con- 

verges to a finite point qoo. It follows from Proposition 2.4 that 

IPMk, (qk,) - PM(q~)l <--IPMk, (qk,) - PM(qk,)l + IPM(qk,) - PM(qc¢)l 

<--Iqk, I" log(1 d- t~k, ) d- IPu(qkl ) -- PM(qc~)l. 
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By the continuity Of PM(q), we have limi_~oo PMk, (qk,) = PM(qc~). Thus by (5.3) 

and (5.4) we have 

lim sup 
n- -+oo  

log f (a; n, e) > - a q ~  + PM (q~) > inf {--aq + PM (q)}. 
n - -  - -  q E ~  

Since e can be picked arbitrary small, by Proposition 3.2 and 3.3, we obtain (5.1) 

for a E (O~M, ~M). 
Now we consider the case a = aM or a : flU. By Propositions 3.2 and 3.3, 

we have 

d i m u  EM(O~M) : lira dimH EM(Z ) 
Z .~ O~ M 

and 

Thus 

and 

dimH EM(3M ) = lim dimH EM(Z). 
z~M 

1 
_ lim i n f { - z q  + PM(q)} dimH EM(aM) > logm =+~ qE~{ 

1 
lim i n f { - z q  + PM(q)}- dimH EM(flM) >_ logm Z$/3M qER- 

By Proposition 2.5, we have 

1 
d i m H E M ( a m )  >_ , - -  inf{--aMq + PM(q)} 

log ??~ qER 

and 
1 

- -  inf {--/3Mq + P~.l(q) }, dim/-/EM(/3M) >__ logm qca 

which finishes the proof of (5.1). 

STEP 3: dimEM(C~) > ~ m a x ~ { h ( u ) :  3l.(p) = a} (Va ELM) .  

To see it, if p E A~o(E) satisfies M.(p) = a,  then by Proposition 2.6, there 

exists a sequence of ergodie measures/~k on E converging to p in the weak-star 

topology, satisfying l i m k - ~  h(pk) = h(p). Let ak = M.(pk). Then by (2.1), 

l imk- .~ ak = a. By Furstenberg and Kesten's Theorem [21], pk(EM(ak)) = 1. 
By the Shannon-McMillan-Breiman theorem (see [37]), dimH #k = h(pk)/log m. 

Hence we have dimH EM(ak) >__ h(l~k)/log m. Thus, by Propositions 3.2 and 3.3, 

dimH EM(a) = lim dimH EM(ak) > lira h(pk) h(#) 
k - ~  - k - ~  log m log m 
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STEP 4: d imEM((~)  < lo-o-~m m a x , { h ( u ) :  M . ( # )  = c~} (Vc~ • LM). 
For the  t r iv ia l  case Ct M : /3M, take  # to be the  P a r r y  measure  on E (i.e., 

#([I])  = m -'~ for each I E En).  Then  one can check d i rec t ly  t ha t  M.(#) = oz M 

and  

dimu EM(CtM) < dimH ~ = 1 -- h(#) 
- ~ l o g  m "  

In wha t  follows we assume tha t  O~ M < /3M. Fi rs t  we consider  a • (aM,/3M).  

We define the  maps  Mk: E -+ L + ( R a , R  ~) for k • N the same as in S tep  2. As we 

have ment ioned,  there  exists  kl  > k0 and  a bounded  sequence of real  numbers  

{qk}k>k~ such t ha t  a = P~Mk(qk). By Propos i t ion  4.1, there  exists  a sequence of 

ergodic  measures  uk on E such t ha t  

(5.5) (Mk).(uk) = ct and h(uk) = -c~qk + PM~(qk). 

Since the  sequence {qk} is bounded ,  there  is a subsequence {qkl} which con- 

verges to a finite poin t  q~ ;  in the  mean t ime uk, converges to an invariant  mea-  

sure u in the  weak-s tar  topology.  By (2.1) and  (5.2), we see t ha t  M.(u) = 
limi__.~ M.(uk,) = l i m i _ ~  (Mkl) . (uk l )  = a .  By the upper  semi-cont inui ty  of the  

en t ropy  of invar iant  measures  on E and the resul t  proved in Step  1, we have 

h(u) > limsuph(uk,) 
i --+ c ~  

= l im s u p ( - a q k i  + PMk, (qk~)) = --ctqec + PM (q~) 
i .-.+ c ~  

_> log m .  dimH EM (ct). 

Now assume a = aM or 3M. Pick an • (OZM,/~M) such t ha t  

l im c~n = ~. 
n ---~ OO 

Choose u~ • A4o(E)  such t ha t  

M, (un )  = c~  and h(un)/logm >_ dimHEM(C~). 

Let u be a cluster  poin t  of {u~} in the  weak-s tar  topology.  Then  by (5.2) 

M,(u) = l im M,(un)= l im ~,~ = c~. 
72 ---I" <iX) n --~. ~ 

By Propos i t ions  3.2 and 3.3, and  the upper  semi-cont inui ty  of the  en t ropy  of 

invar iant  measures  on E, 

dimHEM(O~) = l im dimnEM(C~)< l im h(u~) < h(u) 
~-4o0 - ~-,oo log m - log m '  

which comple tes  the  proof.  | 
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6. F i n a l  r e m a r k s  

In this section we give several remarks. 

First Theorem 1.1 can be extended from the full shift space (E, a) to a subshift 

space (EA, a) where A is a m x m 0-1 primitive matrix. To attain this, one needs 

to modify our proof slightly. 

The reader may care about how to deal with the points x at which AM (x) does 

not exist. Actually we can define AM (x) and A_ M (x) by taking limsup and liminf 

in (1.1), respectively. By Proposition 2.2, the ranges of AM(X) and A_M(X ) are 

both equal to LM. 
We remark that  for any a ELM,  

dimH{x • E:-AM(X) = a} = d i m n { x  • E: aM(X) = a} 

=AM (a) 
= d i m n { x  • E: AM(Z) -~ Ct}, 

It is obvious that 

dimH{z • E: AM(X) = (~} >_ AM(a) and dimH{x • E: aM(X) = a} >_ AM((~). 

Now we prove the "_<". Assume that AM(a) < t. By Proposition 3.2, there exist 

e > 0, ~ > 0 and No • N such that  

f (a;n,e)  < m ~(t-5), Vn > No. 

Note that for any g > No, {x • E: XM(x) = a} and {x • E: aM(X) = a} are 

subsets of 
o ~  

~'=(n>k 

Therefore, for any g > No, the collection 

~e = {[w]: w • F(a ;  n, e) for some n >_ g} 

is a cover of the sets {x • E: XM(X) = a} and {x • E: aM(x) = c~}. Since 

o ~  

E (diam[w])t = E E (diam[w])t 
[w]Ege n=e [w]E F ( a;n,e ) 

oo 1 
v ~  m n ( t _ 5 ) m _ n t  < 1 -- rn -~5 <_ 
n=e  

for each ~o > No, we have 

d ima{x  E N: AM(X) = o~} <_ t and d imu{x E E: aM(x) = a} < t. 
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This  finishes the proof. 

Using a me thod  similar to tha t  in [13] or [17], one can prove tha t  if aM < tiM, 

then 

d i m u { x  E E: A_M(X ) < ~M(X)} = d i m n  E. 

For related results in the scalar function case see, e.g., [3, 13, 17, 31]. 
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