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ABSTRACT

Let (3,0) be a full shift space on an alphabet consisting of m symbols
and let M: © — L+t(R%,R%) be a continuous function taking values in
the set of d x d positive matrices. Denote by Aps(x) the upper Lyapunov
exponent of M at . The set of possible Lyapunov exponents is just an
interval. For any possible Lyapunov exponent ¢, we prove the following
variational formula,

dim{zr € T: Ay (x) =a} =

inf {— P
log m :;IE]]R{ g+ Par(q)}

1
= h : A{* - N
Togm max{h(p): Me(p) = o}

where dim is the Hausdorfl dimension or the packing dimension, Ps(q) is
the pressure function of M, p is a o-invariant Borel probability measure
on X, h(u) is the entropy of y, and

. 1 _
M) = tim [ 1og|1(u)ar(0v) .. M y)di(u).
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1. Introduction

Let o be the shift map on & = {1,2,...,m}N (m > 2 an integer). Let M
be a continuous function defined on ¥ taking values in L*(R?,R?), the set of
d x d matrices with positive entries. We define the upper Lyapunov exponent
Ap(z) of M by

(1.1) Aw(z) = lim % log | M (2)M(az) - - M(a™2),

when the limit exists. Here ||| denotes the matrix norm defined by ||A4]| := 17 A1,
where 1 is the d-dimensional column vector each coordinate of which is 1.

Let Lps be the set of point o € R such that o = Aps(z) for some x € =. By
using the specification property of ¥ and the continuity of M, we show that L,
is a non-empty closed interval (see Proposition 2.2).

For any ¢q € R, define

= I l x)..- n=1.y||¢
Py(g) = lim ~log wgﬂ ;eu[g |M(z)M(oz)---M(c™ '2)|9,
where L, denotes the set of all words of length n over {1,...,m}; for w =
Wy - wy € By, [w] denotes the cylinder set {x = (;) € T 2y = w;, 1 <i < n}.
A subadditive argument shows that the limit in the above definition exists. We
call Py(g) the pressure function of M.
Let M, (Z) be the set of all o-invariant Borel probability measures on . The
map M: ¥ — Lt(R? R?) induces a map M,: M,(Z) — R given by

M) = Tim - [log M ()M (oy) - M(o"lldu(y), 1€ Mo(S).

The limit exists by a subadditive argument. In 1960, Furstenberg and Kesten
[21] considered the products of random matrices and proved that for each ergodic
measure j on 3,

Au(z) =M. (1), pas. el

The above fact follows also by Kingman's Subadditive Ergodic Theorem (see
(37)).
In this paper, we investigate the sizes of the sets with given Lyapunov expo-
nents:
Eyla)={z € T: Ay(z)=a} (a € Ly).

Recall that ¥ is a metric space where a metric is defined by d(x,y) = m™™"
for = (x;);>1 and y = (y;)>1 where n is the largest one such that x; = y;
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(1 < j < n). Different notions of dimensions are then defined on ¥. We shall
talk about the Hausdorff dimension dimyg, the packing dimension dimp and the
upper box dimension dimp (see [11, 28] for a general account of dimensions).
The sizes of the sets in question will be described by their dimensions.

In the special case d = 1, M is just a real-valued continuous function: we would
rather write @ instead of M in this case. The first historical example of this type
is due to Besicovitch [4] and Eggleston [10], they proved that for 0 < a < 1, the

set
n

.1
{1‘ = (1) € {1,2}": nlgl;o - ;(xj -1 = a}
has Hausdorff dimension —[alog, o + (1 — &) logy(1 — «)]. In this case the cor-
responding function ® is given by ®(z) =1 if x; = 1, and () = e if x; = 2.
A slightly more elaborate example was given by Billingsley in [5]. Some further
consideration of the multifractal formalism for Holder continuous ® was given in
[12, 14, 33, 38]. The case that ® is only assumed to be continuous, was considered
by Fan, Feng and Wu [13], Feng, Lau and Wu [17] and Olivier [29)].

In the case d > 2, M is a matrix-valued continuous function. As we know,
there are few results about this topic. In [27], Ledrappier and Porzio considered
a special kind of product of matrices of order two, and obtained a local result of
the multifractal spectrum by using some classical random matrix products theory
and perturbative theory; Porzio [35] strengthened that result somewhat by a
study of the Ruelle-Perron-Frobenius operator associated with random matrix
products.

The main result of the present paper is the following theorem.

THEOREM 1.1: Suppose M: © — Lt(R*,R?%) is a continuous function taking
values in the set of d x d positive matrices. For any o € Ly, we have the
following formula

dimH Em(a) Zdimp EM((){)
mf{ aq + Pu(q)}

1.2
(12) logm

(1.3) sup{h(p): 4 € My(Z), Mu(p) = a}.

1
logm
Moreover, dimpy Eps () is a concave and continuous function of o on Lyy.

We remark that under this setting, the pressure function Pa(g) of ¢ may be
not differentiable. Under a stronger condition that M is Holder continuous, the
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formula (1.2) has been proved by Feng and Lau [16], and in that case Py(q) is
a differentiable function of ¢ over R.

What we state in Theorem 1.1 is a kind of multifractal analysis. But it is
a little different from the multifractal analysis of measures to which the term
“multifractal” is often attached. Let us mention [1, 2, 7, 9, 8, 14, 20, 22, 23,
26, 30, 32, 34] (it is far from exhaustive). Another kind of multifractal analysis
was employed in [25] (see more references herein) where functions rather than
measures are studied.

Now we state some ideas in the proof of Theorem 1.1. First we consider a
special case that the map M(z) depends only upon finitely many coordinates of
z. In this case, we prove that the corresponding product of matrices is associated
with a measure v on ¥ satisfying the so-called quasi-Bernoulli property: there
is a constant C > 1 such that

1
SN < w(I) < Co(Iw(), VI,J € | Sn.
n>1
By using some multifractal results on quasi-Bernoulli measures obtained by
Brown, Michon and Peyriere [7] and Heurteaux [23], we can prove the desired
results for matrix products. To consider the general case, we first prove a formal
formula for dimg Fps(a). More precisely, for any o € Ly, n > 1 and € > 0, we
define
flein, &) = #F(an, )

with

F(a;n,e) = {w ey,

1 log ||M(z)---M(a"'2)|| — a| < € for some z € [w]}
n
We prove (Proposition 3.2, Proposition 3.3)

. e log flagne) log f(a;n,€)

Using the above formula, we can prove the general results by approximating
M by a sequence of maps {M;} such that M} depends only upon the first k
coordinates.

We organize the materials in the paper as follows. In Section 2, we give some
properties of the set Ly and the pressure function Pys(g). In Section 3, we prove
(1.4) by using a dimensional result, for the homogeneous Moran sets. In Section 4,
we consider the case that M depends upon finitely many coordinates. In Section
5, we complete the proof of Theorem 1.1. In Section 6, we give several remarks.
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2. Lyapunov exponents and the pressure function

Let M: ¥ — L*(R?,R?) be a continuous map. In this section, we will consider
the set Ljs of possible Lyapunov exponents and some relations between Ly and
the pressure function Pys(g). We also give some elementary results about convex
functions and invariant measures on S. For convenience, we write m, M () for
the product M (x)M (ox)--- M (o™ 'z) throughout this paper.

Let us start from a simple lemma.

LEMMA 2.1: There exists a constant C > 0 (depending on M ) such that for any
re¥andn,meN,

Cllma M (@) ||| M (0" 2)|| < Tt M ()| < |70 M () {|[|7m M (0™ 1))
Proof: The second inequality is obvious. We only need to prove the first one.
Since M is continuous, there is a constant C' > 0 such that

M& >dC, VYre-z,
max;, ; ]Mi‘j (.1')

which implies that M (x) > CEM (x) (here and afterwards we write A > B for
two matrices A, B if A; ; > B; ; for each index (i, j)), where E = (Ej j)1<i.j<d I8
the matrix whose entries are all equal to 1. Let 1 be the d-dimensional column
vector each coordinate of which is 1. Then

[nm M ()| 2| (70 M (2))CE (7 M (0™ )|
=Cl|(m, M ()17 L (7 M (0"0))]
=Cllm M@ - ImmM ("2} 8

PROPOSITION 2.2: Set

1
(2.1) ap = lim = inf log{|m, M (z)|l.
n—co N €T
1
(2.2) Ba = lim —suplog||m, M (x)}].
n—oo N rey

Then Ly = [aM./jM].
Proof:  We first show that the limits in (2.1) and (2.2) exist. To see this, write

(2.3) ap = 12£ log ||m, M (r)|l, by = suplog [|m, M (x)].

FI

By Lemma 2.1, we have

Angm > 10gC' + Gy + A, bn+m <bp+by, Yo,m>1,
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where (' is the constant in Lemma 2.1. This declares that the sequences
{log C+a,} and {b,} are superadditive and subadditive respectively, from which
the existence of the limits follows.

By the definition of upper Lyapunov exponents, we have Ly C [anr, Bum]
immediately. Hence, to prove the proposition, it suffices to prove that for any
t € [aar, Bm)s there exists y € ¥ such that Ay (y) = t.

Now fix a real number ¢ € [apy, Spr]. Then there is a number p € [0, 1] such
that t = paas + (1 —p)SBa. For convenience, we define a sequence of real numbers
{rn} by ran, = ap and 72,1 = Bas for n > 1. By the continuity of A and the
definitions of aas and Sar, there exist a sequence of words {w,} (w, € £,) and
a sequence of positive numbers {e, } which tend to 0 such that

(2.4) }%log I M(x)|| = 7] < €ny, VY € [wy).

Now construct a sequence of positive integers { N, } by

N, [pn + log n], if n is odd,
[(1 - p)n+logn], otherwise,

where [z] denotes the integral part of . It can be checked directly that

Ny . ey (20 — 1) Ny
lim N, = o0, lim ——— n =0, lim Zz—l( l YNai—1 =p
n—00 =00 Z =1 zN n—00 Z] 1 jN

Now define
y:wl...w1w2...w2...wn...wn...
N i’ — o’
Ny N> Np
In the following we show that A(y) = ¢. In fact, for each integer k > Ny, there is
an integer n > 0 such that

n n+1
YN <k <Y il
i=1 i=1

By Lemma 2.1 and (2.4), we have

Ime M) <lan,betn -1 M@= Ny iy, M (NN |
n

Sexp(ZiNi(ri + e,)) -exp((k — (N1 + - +1nN,))by),

=1
which implies that

Yo LiNi(ri + &) + k—(Ny+---+nN,)

k k b1,

Llog M ()] <
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where b; is defined by (2.3). Letting & tend to infinity we have

lim sup % log |lm . M (y)|| < ¢.

k—oc

Now by Lemma 2.1, we have also that

7MW ZClmNy 4 n, 1 M (Y)llexp((k = (N1 + - -+ nlVp))ar)

n
2CN1+N2+'“+N'1+1€‘XP< Z LN,(rl _ Ei))

=1
cexp((k — (N1 + - +nNy))ay),

which implies that

i INi(ri—€;)  Ni+---+ Ny
tog i ) > 2=t i =) Mkt R o, o

k k
k—(Ny+---+nN,)

caq.
+ 3 1

By taking the limit we have
1
lim inf = log [|mx M (y)]| > ¢.
k—oo Kk

This finishes the proof. |

The following proposition gives some relations between Ljs and the pressure
function Py (q).

PRrROPOSITION 2.3: Pr(q) is a convex function of ¢ on R. Furthermore, let oy
and 3p; be defined as in Proposition 2.2. Then we have

Pu(q) Py(q)

lim ———= = ayy, lim
g——0 q q—+o0

= Bum-

Proof: The convexity of Pps(gq) follows by a standard argument.
Let the sequences {a,}, {b,} be defined as in (2.3). Then for each n > 1,

exp(bnq) < ZWGEn SUPz¢w) imn M(x)||7 < m™exp(bng), Vg 20,
exp(ang) < Y- ex, SUPgep) 1T M (2)]|7 < m™exp(ang), Vg <0,

which implies that

(2.5) {qﬁM < Py(q) <logm+qBm, Yq2>0,
) gopr < Prlg) <logm+ qap, Vg <O0.

By taking the limit we obtain the desired result. ]
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PROPOSITION 2.4: Suppose that N: £ — L*(R?,R?) is a continuous map, and
there is a real number é§ > 0 such that

(1+8)"'M(z) < N(z) < (1+6)M(z), VaeX.

Let Ly denote the set of all possible upper Lyapunov exponents of N, and Pn(q)
denote the pressure function of N. Then

Ly D [anm + log(1 + 8), Bu — log(1 + 6)].

Moreover, we have
[Pn(g) — Pu(q) < lqlog(1 +8)|.

Proof: Tt follows immediately from Proposition 2.2 and the definitions of Ly
and Pn(q). ]

ProprosSITION 2.5: Let f be a convex real-valued function on R. Denote

(2.6) a= lim M, b= lim M
r—+—00 xr T30 xr
(i) Suppose that {f,} is a sequence of differentiable convex functions converg-
ing to f pointwisely. Then for any ¢ € (a,b), there exist N > 0 and a uni-
formly bounded sequence of real numbers {x,}n>n such that f}(x,) = c.

(ii) Assume —00 < a < b < 0o. Then we have
T . . > 3 _ )
lzlg)l;gﬂft{ v+ f(2)} 2 inf{~ba + f(2)},

and
H 1 —an . > i —ax T .
Llﬁllxnelf{ r 4+ f(l’)}_;lelf{ ax + f(x)}

Proof: Since f is convex, [f(x) — f(0)]/x is an increasing function of x. Thus
the limits in (2.6) exist. Take ¢ > 0 with a +¢ < ¢ < b—e. Pick t > 0 large
enough so that

£(0) = 10) (=)= ) _

———t——ZC+6, c—¢.

Since the sequence {f,} converges to f pointwisely, there exists N > 0 such that
foreachn > N,

fn(t) - fn(o)
t

fn('t) — fn(O) <

>c+ef2, ; <c-¢€/2.
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Note that each f, is continuously differentiable since it is differentiable convex
(see [36, Theorem 25.3}). By using the Mean Value Theorem and the Intermediate
Value Theorem, we see that for each n > N, there exists z, € (—t,t) such that
fi(xy) = c. This concludes statement (i).

To prove statement (ii), denote f*(z) = inf eg{—22+ f(z)}. It can be checked
directly that f* is a concave function on {a, b}, and thus it is lower semi-continuous
on [a,b] (see [36, Theorem 10.2]), which concludes statement (ii). |

The following proposition is needed in the proof of (1.3).

PROPOSITION 2.6: For any 1 € M, (%), there is a sequence of ergodic measures
{tr}k>1 € My (X) such that

p=w'- Im g, h(p) = lim Au).

Proof: First we assume that g is fully supported on ¥. For each integer n > 2,
let y,, be the unique equilibrium state (see [6]) of the potential ¢,,: ¥ — R defined
by

on(x) = log p([x1 - an)) —log p([r1 -+ - 2p]), Vo = ().
One may check that u, has the following property: for any integer £ > 0 and
i1t € Yy,

N P REe A if € < n.

fn (i1 de]) = {u([’il -+ in)) Hﬁ;g“ wlypnz1]) - Geherwise.

N([i] “'i1+n—2]) ’

This means that p, converges to g in the weak-star topology. By the upper
semi-continuity of the entropy of p, we have
(2.7) h(p) > limsup h(p, ).

n—c

Furthermore, by using the Variational Principle for equilibrium states (see [37]),
we obtain

/ budpt + h(p) < / budltin + h(1in).

which yields h(p) < h(pn). This together with (2.7) yields h(p) = lim,,_, o0 2(1tr)-

Now assume that p is not fully supported. Denote by v a fully supported
invariant measure on X. Then we can approximate p by a sequence of fully
supported invariant measures {"T‘l o+ %1/} We can see that these measures
converge to u in the weak-star topology, and their entropies converge to h(u)
(since h(2=1p + %u) = 2=Lh(u) + 2h(r)). Combining this with the results in
the last paragraph, we can obtain the desired result. |
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3. Homogeneous Moran sets and a formal formula of dimgy Ey ()

In this section, we first recall the definition and some dimensional results of homo-
geneous Moran sets; then by using these results and some further constructions
we give a formal formula of dimy Ep(a). The main results in this section are
Proposition 3.2 and Proposition 3.3; in their proof we adopt some ideas from the
proof of [12, Theorem 4].

It is helpful to think of T as the interval [0, 1] and cylinders as subintervals. Let
{nk}r>1 be a sequence of positive integers and {ci}x>1 be a sequence of positive
numbers satisfying ny > 2. 0 < ¢ < 1, nyey €6 and ngep <1 (k > 2), where 6

D:UD,c

k>0

is some positive number. Let

with Dy = {0} and Dy, = {(i1,...,i);1 < i < nj,1 < j < k}. Suppose that J
is an interval of length §. A collection F = {J,: o € D} of subintervals of J is
said to have a homogeneous Moran structure if it satisfies

(1) Jp=J

(2) for any k > 0 and 0 € Dy, Jy; (i =1,...,n441) are disjoint subintervals of

J, such that
'J01| —
1Jo]

where |A| denotes the length of A.
If F is such a collection, E := (N>, Uyep, Jo is called a homogeneous Moran
set determined by F. One may refer to [19, 18] for more information about

=ck+1, V1 < < ngy,

homogeneous Moran sets. For the purpose of the present paper, we only need
the following simplified version of a result contained in [19], whose simpler proof
was given in [12, Proposition 3].

ProOPOSITION 3.1: For the homogeneous Moran set defined above, we have

logning - ng

dimg E > lim inf .
noo0 —10gC1C2 " Cp41Mk41

For r = (z;) € &, denote L,(z) = {y = (y;) € S: ; = 35,1 < i < n}. We call
I, (z) the n-cylinder about x. erte M(z) = (Mz»,j(x) 1<i,j<d- For each n € N,
define

_ M; ;(z)
5 (M) = Zeg‘{ 18584 M, Gy re I"(y)}'

Since M: ¥ — Lt(R?%,R?) is continuous, we have lim,_,o 6, (M) =
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For any a € Lps, n > 1 and € > 0, we define

Floyn,e) = {w e, %lognﬂnM(I)H — a| < € for some z € [w]}

and f(a;n,€) = #£F(a;n,€).

PROPOSITION 3.2: For a € Lys. we have

1 3T N 1 3
lim lim inf log fain,€) = lim lim sup log flasn. ) (=: Ap(@)).
e—=0 n—oo log m» =0 5o log m»

The function Apr: Ly — [0,1] is concave and continuous.

Proof: We first show that log f(a:n,€), as a sequence of n, has a kind of sub-
additivity. More precisely, for any € > 0, there is an N such that

[flasn, €)]P < flosnp,2e) (Yn > N.Vp>1).
In fact, suppose {wi....,wp} C F(osn,€). Let w = wy---wy. Let o € [wy]
{1 < k < p) be a point such that
1
l; log[|M () - M(oe™ 'a)|| — af <e.

Let x be a point in {w]. Note that for any 1 < j < p,

T M (x;)

< (=D,
5 00) 5, <M

<6 (M) -+ 8, (M) M ().
We have
(% log [ M09~ "2)]| — o] < ¢ + % log(31(M) - - -6, (M)
for all 1 < j < p. It follows that

1 1 logC
| = log I M (@) - o] < € + = log(81(M) -+, (M)) + ==
np n n

where ' is the constant in Lemma 2.1. Since lim, o, 8, (M) = 1, there exists N

such that
such tha logC

%log(él(]\/f)'--én(M))-i— <e forn>N.

n
It follows that

%mgnnan(mn —af <2
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for n > N and for all p > 1. Then [w], which contains z, is in F(a;np, 2¢).
Notice that different choices {wi,...,w,} give rise to different w’s. Thus we get
the desired subadditivity. By using this subadditivity, it is easy to get
1 in, 1 in, 2
lim sup M < lim inf M
N 0O log m» n—oo log m™

from which the equality of the two limits follows.

It is evident that 0 < Ap(a) < 1. Let o, 8 € L. Let p,q be two positive
integers. By subadditivity, for large n we have

[Fla;n, e)P[f(B;m, €))? < f(a;np, 2¢) f(B; ng, 2¢).

Let u € F(a;np,2¢) and v € F(B;ng, 2¢). Take a point x € [uv]. As above, we
can get

[log || Tnpsng M (2)]] — npa — ngf|
<2en(p+ ) + 10g(61(M) - 50p(M)) + 10g(31 (M) - g (M) + log C.

It follows that if n is sufficiently large, uv € F(22L2; n(p+q), 3¢). Consequently,

P+q ;
for large n we have

pa+ qﬁ
(o np,26)f (B;na,26) < f (P in(p+ ), ).
By the equality of the two limits that we have already proved, we can get

F4 q D
P (@) + —L A (B) < A (Pa+ -1
Py Mm(a) Py m(B) < M( +q p+qﬂ)

This gives the rational concavity of the (bounded) function Ap. However, the
concavity of Ap; on the interval Ljs is a consequence of its rational concavity
and its upper semi-continuity that we prove below.

Given o € Ly, for any 5 > 0, there is € > 0 such that

i inf 108 (@37

< Apla)+n.
n—00 log mn

As above, it can be proved that for 8 € Ly with |3 — a| < €/3 we have
F(B;n,¢e/3) C F(a;n,€)
when n is sufficiently large. It follows that f(3;n,€¢/3) < f(a;n,¢€). Therefore

; 1
Ane(8) <liming PBIBE/D) o plogflaine)
n—o0 log mn n—)oo log e

<Am(a) +9.
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This establishes the upper semi-continuity of Ay, at a.
The continuity of Ay on the interval Ljs follows from its concavity and its
upper semi-continuity. ]

PROPOSITION 3.3: For o € Ly, we have
dimH EM(a) = dinlp EM(CM) = AM(Q).
Proof:

STEP 1: For a € Ly, we have dimp Epr(a) < Apr(a).

Let -
ake)zO{ "—”Tl'n]\[( ||—a‘<e}

It is clear that for any ¢ > 0,

Em(a) C | Glask.e).
k=1

Notice that if n > k, G(a; k. €) is covered by the union of all cylinders [w] with
w € F(a;n,€) whose total number is f(a;n,e€). Therefore we have the following
estimate,

- 1 37,
dimpG(a; k, €) < lim sup Egi(a_ni)
n—oo log m™

(Ve > 0,Vk > 1).

On the other hand, by using the o-stability of the packing dimension, we have

dimp Ep(a) < dimp ( U G(a:k,e)) < supdimp G(a; k)
k
k=1
gsupair_n_BG(a; k,e€).
k
This, together with the last proposition, leads to the desired result.

STEP 2: For a € Ly, we have dimy Eps() > Ay (a).
Given 0 > 0, by the last proposition, there are ; 1 co and ¢; | 0 such that

Sl (j,ej) > mbs(Am(a)=8/2)

Write simply Fr, = F(a;€j,¢;) and fo, = f(a:€j,¢;). Define a new sequence
{€5} in the following manner:

fl,...,[1;[2,...,(2;...;(‘]',....@]';...
N e’ v, e’

Ny N2 N,



366 D.-J. FENG Isr. J. Math.
where N; is defined recursively by
N; =2b6nFN-1 (5>92); Ny =1

Denote n; = fg; and ¢; = m~% . Define

G)* = lo_oIFg;
i=1

Observe that ©* is a homogeneous Moran set in ¥.. More precisely ©* is con-
structed as follows. At level 0, we have only the initial cylinder £. In step j, cut
a cylinder of level 7 — 1 into m% cylinders and pick up n; ones. By Proposition
3.1, we have

dimgy ©* >11m1nf log(na - -~ 1x)
k—oo — 10g(c1 ckck+1nk+1)
og(fey -+ fer)
>11,§I_1,g}f log(2”+ FHG)
i inf 28YE )
k—)oo log(2£'+ +€' )
>Am(a) - 4.

However, by a direct check, ©* is a set in Fps(a). Hence dimy Ep(a) > Apy{a)—
0. And thus dimy Eps(a) > Apr(e) since d can be picked small arbitrarily. ]

4. The case that M depends upon finitely many coordinates

In this section, we always assume that M depends upon finitely many coordinates.
That is, there exists an integer £ > 1 such that M(x) depends upon the first
k coordinates of x for all x = (z;) € £. For simplicity, we write M(z) =
M(zy---x). We will prove the following proposition by using some multifractal
results about quasi-Bernoulli measures.

PROPOSITION 4.1: Suppose that the map M: © — L+ (R?,R%) depends only
upon the first k coordinates. Then Pys(q) is a differentiable function of ¢ on R.
Moreover, if a = Py(t) for some t € R, then

(i) dimy Ey(a) = 57 infger{~aq + Pu(a)} = loglm(—at + P (t)).

(ii) There exists an ergodic measure p; on ¥ such that

h(pt) _ L

M.(ue) =a and dimpyg p, =
logm logm

(—at + Py(t)).
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Before giving the proof of the above proposition, we recall some multifractal
results about quasi-Bernoulli measures. Let v be a Borel probability measure on

Y. We recall that v is quasi-Bernoulli if there exists a constant C > 1 such

that

1
(@) Fr@w) <v([I) < Co(u(lT), VI € | S
n>1
Let p be a Borel probability measure on ¥. For any ¢ € R, the L?-spectrum
of u is defined by

1
T — lim 1 s q
" (q) IIT{II inf lOg §I l‘l'([‘[]) s

where the summation is taken over all I € £, with p([I]) > 0.
Brown, Michon and Peyriere [7] and Heurteaux [23] have considered the
multifractal properties of quasi-Bernoulli measures. They proved

PROPOSITION 4.2: Suppose that v is a quasi-Bernoulli measure. Then the L4-
spectrum 7,(q) is differentiable for ¢ € R. Moreover, if a = 7,(t) for some t € R,
then

()
. . logv(B,(x)) .
v\‘ — _— —
dimp {1‘ ey rhm “egr - a} —;Ielé{aq 7.(9)}
=at — 71,(t);

(ii) there exists an ergodic measure y; on ¥ such that

. logb (Br(x ))
. —_— - P = =
[J,t{l' [SEADH hm l ; Ot} 1

and dimpg p; = fo(g“:yz =oat ~1,(1).

We remark that statement (ii) is only implicit in [23].

The following lemma plays a crucial role in the proof of Proposition 4.1.

LEMMA 4.3: There exist a Borel probability measure pp on ¥ and two positive
constants p, C such that for anyn > 1 and iy -+ - ipyx-1 € Lngk—1,
CTHpM M iy -+ ig)M(ig - dggr) - - M (i -+ ipgi—1)|
Sulfin - ingr-1])
SCP™|M(iy -+ ig) M iz dgg1) - M- - ingp—1)|l-

Proof: At first we declare that there exist positive numbers p;,ps and d-
dimensional column vectors w(iy - - ix), v(iy -« ix) (41 ix € By) with positive
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entries such that for any iy - - - i, € 3y,

(42) u(iy---ig)" =p1—1 Zu(iil cerdgon) T M (it i),
(4.3) v(i pzZM ki) V(i - - ki)

To see it, without loss of generality we assume m = 2 and k = 2. We construct
a new 4d x 4d matrix H by

M@1l) 0 M2 0
go | MQ) 0 M@)o
| o M@u2 0 M(22)
0 M@12) 0 (22)

Since M (ij) (ij € T2) are positive matrices, H is primitive (one checks that H? is
positive). Thus by the Perron-Frobenius theorem (see [24]), there exist a positive
number p; and a 4d-dimensional positive column vector s such that s™ = ;11—STH .
Write 8™ as the form

s = (u(11)",u(12)7, u(21)", u(22)"),

where u(ij) are d-dimensional column vectors. Then it is clear that the vectors
u(ij) satisfy (4.2). The proof of (4.3) follows by a similar discussion.
Define two functions m and 7z on U,,5 ) Zn by

m(ite - tnpk—1) =p7 iy i) MGy - ip) M(iz- - Tpt1)
o Mip k1) V(in k1)

and . . . — . . . . . .
na(iriz - ingr—1) =ps Wiy -+ ix) M (i1 -+ ig) M (ig - - - igq1)

o Min k1) V(i - ipgk1)-
By (4.2) and (4.3) we have
(4.4) Yo m(frde - vingr—1) = m(irdz - ingr-1),
' Yoime(iriz e ingp—18) = n2(irde -~ Insk_1),
which implies that for each n > k,
Z m(w) = Z m(w'), Z N2 (w) = Z 2 (w').
wWEX, w! €Yy w€S, (AL 0N
We deduce from the above equalities that p; = ps since

(pr/p)" = D mw)/ D mw) = D mw)/ Y, mw)

w€ES, weE, WELy wETy
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And thus 1y = n2. Define 5 on |J,,5, S» by

nw) =mw)/ Y mw), Ywe T

w'eXy n>k

By the Kolmogrov consistence theorem, there is a unique invariant Borel prob-
ability measure p on ¥ such that p([w]) = n(w) for any w € |J,5, En. This
completes the proof. |

Proof of Proposition 4.1: Let u be the measure as in Lemma 4.3 and p the
corresponding constant. By Lemma 4.3 and Lemma 2.1, g is a quasi-Bernoulli
measure. Moreover,

(q) = 18P = Pu(9)

R
H log m (Vq € )
and
En(a) = {.1' €3 lim log p(Br(x)) = logn - a} (Va € Lp).
=00 logr logm
Using Proposition 4.2, we obtain the desired result. |

5. The Proof of Theorem 1.1
We divide the proof into 4 small steps:

StEP 1: dimp Ep(a) < @(—aq+PA1(q)) (e € Lpr,q € R).

For any o € Lps, € > 0 and n € N, let f(a;n.€) be defined as in Section 3.
Then

flain,e)exp(ng(a —¢)), ifqg>0
Z sup [|m, M ()] 2 {f(a;n,e)exp(nq(a+ €)), ifg<0

WwET, rejw

which implies that for any g € R,

1 .
Pur(g) > qa + lim limin 1850516

€300 N—00 n

Combining it with Propositions 3.2 and 3.3, we obtain

dinlp EM (a) S

— P .
logm( qo + Py (q))
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STEP 2: We prove the following inequality:

(5.1) dimg Ep{c) > inf {—ag+ Pu(q)} (o€ Lu).
q€R

logm

At first we consider a trivial case: apr = By (ap and By are defined as in
Proposition 2.2). In this case, we have Ay (x) = ap for all © € . By (2.5), we
have

dimg Ep(ay) =dimp =12 Togm inf{-amq+ Pu()}-

From now on we assume that aps # Su-

First we consider o € (o, Bar). For each k € N, we define a map M;: ¥ —
L+(R?, R?) such that M}, depends upon the first k coordinates of z and My (z) =
M ((y) for some y € I,(z). It is clear that M} is continuous. Moreover, there is a
sequence of real numbers {dx} | 0 such that

(6.2) (14 6,) "M (z) < Mi(z) < (14 0)M(z), VreX.
Pick € > 0 with ¢ < %min{a — apr, By — a}. For each k,n € N, define

1
Fi(a;n,e/2) = {w € X, - log ||[mn Me(2)|| — af < % for some x € [w]}

and

Jilayn,€/2) = #Fp(asn,€/2).
Take a large integer ko such that log(1 +6x) < €/2 for any k > ko. Then by (5.2)
we have Fy(a;n,€e/2) C F(o;n,e) and hence

(5.3) frlayn,e/2) < flasn,e) (k> ko).

By (5.2) and Proposition 2.4, Py, (g) converges to Py (g) uniformly on compact
sets. And thus by Proposition 2.5, there exists k; > ko and a bounded sequence of
real numbers {gx}x>k, such that a = Py, (qi). By Proposition 3.2, Proposition
3.3 and Proposition 4.1,

log fr(a;n,€/2)

lim sup >logm - dimy Ep, (@)
n—o00 n
= inf{~aq + Pu,(¢)}
(5.4) = — oqx + Pu, (qx)-

Since the sequence {qx} is bounded, there is a subsequence {gi,} which con-
verges to a finite point goo. It follows from Proposition 2.4 that

|Pay, (ak,) — Pra(9e0)| <[Py, (ak,) — Par(an, )l + [Par(g;) — Pr(goo)]
<lgx,| - log(1 + dk,) + |Prmlar;) — Prr(goo)l-
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By the continuity of Py(g), we have lim; yo Py, (9k,) = Par(goo). Thus by (5.3)
and (5.4) we have

lim sup —————IOg Haine)

n—00 n

> —0oo + Prr(goo) > ;relﬂfﬁ{—aq + Pr(q)}-

Since € can be picked arbitrary small, by Proposition 3.2 and 3.3, we obtain (5.1)
for o € (ap. Bm)-

Now we consider the case a = ap; or o = . By Propositions 3.2 and 3.3,
we have

dimH EM(OcM) = lim dimH EM(:)

Z.LOLM
and
dimH EM(ﬁM) = lién dimH EM(Z).
z M
Thus
. > i infi—=
dimpy Ep(an) > logm VlfamM ;lé{{{ g+ Pu(q)}
and

dimyg Epm(Bu) >

lim inf{-z:q + P, .
1ogmz%?}4§‘éna{ g+ Pu(q)}

By Proposition 2.5, we have

dimpyg Ear(car) > inf {—anrq+ Pum(q)}

log m ¢€R

and

dimg En(Bum) > ;Iellg{—ﬂMq + Pr(q)},

logm
which finishes the proof of (5.1).

STEP 3: dim Ep(a) > @maxu{h(u): M,(n) =a} (Va € Ly).

To see it, if p € M, (Z) satisfies M, (p) = o, then by Proposition 2.6, there
exists a sequence of ergodic measures p, on ¥ converging to u in the weak-star
topology, satisfying limy o h(px) = A(p). Let ap = M. (ux). Then by (2.1),
limy 00 0 = a. By Furstenberg and Kesten’s Theorem [21], px(Ear (o)) = 1.
By the Shannon-McMillan-Breiman theorem (see [37]), dimpy ux = h(ux)/logm.

Hence we have dimpy Eps(ag) > h{pr )/ logm. Thus, by Propositions 3.2 and 3.3,

dimy Epr(a) = lim dimg Ey (o) > lim hlps) _ ki)
k—o0 k—oo logm  logm
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STEP 4: dim Ep(a) < Eél—m—maxu{h(u): M (u) =a} (Ya€ Ly).
For the trivial case apy = Bur, take p to be the Parry measure on ¥ (i.e.,

p([I]) = m™™ for each I € ¥,,). Then one can check directly that M,(u) = apm

and
hlp)
logm’

In what follows we assume that aps < far. First we consider a € (o, Bu)-
We define the maps M: & — L*(R¢,R?) for k € N the same as in Step 2. As we
have mentioned, there exists k; > kg and a bounded sequence of real numbers
{gk}r>k, such that o = Py (qx). By Proposition 4.1, there exists a sequence of
ergodic measures vy on X such that

dimy Fy(apy) <dimg S =1=

(5.5) (Mp)«(vg) =a and h(vk) = —agr + Pu, (gx)-

Since the sequence {qx} is bounded, there is a subsequence {gx,} which con-
verges to a finite point ¢.; in the mean time v, converges to an invariant mea-
sure v in the weak-star topology. By (2.1) and (5.2), we see that M., (v) =
lm; 00 Mu(Vi,) = limyoy o0 (M, )« (vk,) = a. By the upper semi-continuity of the
entropy of invariant measures on ¥ and the result proved in Step 1, we have

h(v) > limsup h(vy,)
100

=limsup(—agk, + Pum,, (gk.)) = —04oo + Prr(goo)

=00
>logm - dimpy Ep(c).

Now assume a = ayr or Sy Pick o, € (apmr, Bamr) such that

lim o, =a.
n—o0

Choose v, € M,(X) such that
M,(vy) =a, and h(vg)/logm > dimyg En(on).
Let v be a cluster point of {v,} in the weak-star topology. Then by (5.2)

M. (v) = nll’n;o M (vp) = nli)n;o ay = a.

By Propositions 3.2 and 3.3, and the upper semi-continuity of the entropy of
invariant measures on X,

h(v, h
dimyg Epy(a) = lim dimpg EM(an) < lim —m < ﬂ,
nyoo nooo logm ~ logm

which completes the proof. ]
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6. Final remarks

In this section we give several remarks.

First Theorem 1.1 can be extended from the full shift space (E, o) to a subshift
space (£ 4,0) where A is a m x m 0-1 primitive matrix. To attain this, one needs
to modify our proof slightly.

The reader may care about how to deal with the points « at which Ay (x) does
not exist. Actually we can define Ap(z) and Ay, () by taking limsup and liminf

n (1.1), respectively. By Proposition 2.2, the ranges of Xp(z) and Ay, (x) are
both equal to Lyy.

We remark that for any o € Ly,

dimg{z € : Ay () = a} =dimp {z € T: Ay (z) = a}
=Ap(a)
=dimg{z € &: Ay(x) = a}.

It is obvious that
dimg{r € S: Apr(x) = o} > Ap(a) and dimp{z € S: Ay (x) = a} > Apr(a).

Now we prove the “<”. Assume that Ays(a) < t. By Proposition 3.2, there exist
€>0,4 >0 and Ny € N such that

flasn,e) < m"=9  yn > N,.

Note that for any £ > Np, {r € &: Ay (z) = a} and {x € I: Ay (x) = a} are

subsets of -~
m U F(ain,e)
k=€n>k

Therefore, for any ¢ > Ny, the collection

Gr = {[w]: w € F(asn,¢€) for some n > ¢}

is a cover of the sets { € ©: Aps(x) = o} and {z € £: A\y;(z) = a}. Since
Z (diamlw Z Z (diam[w])®
[wleG, n=¢ [W]EF(amn.e)

<Zmn(t (5) —nt 1 1

for each £ > Ny, we have

dimpy{zr € : Ay (x) =a} <t and dimg{r € : Ay (z) =a} <t
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This finishes the proof.
Using a method similar to that in [13] or [17], one can prove that if ay < By,
then
dimg{z € =: Ay (2) < Apr(x)} = dimgy T

For related results in the scalar function case see, e.g., [3, 13, 17, 31].
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